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Abstract: As a test for the non-supersymmetric attractor mechanism, we consider 
extremal Reissner-Nordstrom-(anti-)de Sitter black holes. Based on the simple ob- 
servation that the near-horizon geometry of a generic extremal black hole contains 
two-dimensional anti-de Sitter factor even in the presence of the positive cosmological 
constant, we apply Ashoke Sen's entropy function method to compute the entropy 
of these black holes. We find the results which exactly agree with the Bekenstein- 
Hawking entropy. We also obtain the constant higher-order correction to the entropy 
due to the Gauss-Bonnet term. 
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1. Introduction 

Supersymmetry plays an important role in our accounting for the statistical origin of 
the extremal black holes [Q. In string theory, the degrees of freedom pertaining to the 
black hole entropy in the strong coupling regime is nothing but those of the strings 
living on D-branes, that is, the would-be black hole in the weak coupling regime. 
Supersymmetry protects the number of the degrees of freedom living on D-branes 
from disappearing under the variation of the string coupling. 

The extremal black holes in (3 + l)-dimensional M = 2 supergravity exhibit the 
attractor behavior [||, ^ |], one of whose consequence is that the entropy concerns 
the values of the vector moduli just on the horizon and does not care about their 
asymptotic values. In view of the attractor equation derivable from the Killing spinor 
equation (for example, concerned with the gaugino variation in IIB case), it looks 
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like that the role of the supersymmetry preserved by the extremal black holes is still 
important here. 

Meanwhile, Sen showed that it is only the near horizon geometry that is nec- 
essary in determining the entropy of extremal black holes and we do not need any 
information about supersymmetry P]. This suggests that the attractor behavior is 
quite generic in every extremal black hole that has anti-de Sitter (AdS) geometry 
near its horizon. There have been a lot of works ^ ^, 10, |ll], [l^ about non- 
supersymmetric attractor. In most of these works, non-BPS but extremal black holes 
in the background of various supersymmetric vacua were considered. 

A stringent test for the non-supersymmetric extremal attractor would be to check 
the entropy function of the extremal black holes embedded in non-supersymmetric 
vacua such as de Sitter spacetime. In this paper, we consider the Reissner-Nordstrom- 
de Sitter (RNdS) black hole, which is obviously non-supersymmetric by construction 
but has extremal analogues. We also consider the Reissner-Nordstrom-anti-de Sitter 
(RNAdS) case. The attractor with the negative cosmological constant was discussed 
in Ref. |]13[, though in the framework of supersymmetric theory, that is, the gauged 
supergravity. 

In Sec. H, we discuss general properties of the black holes and show that the 
near horizon geometry of a generic extremal black hole includes two-dimensional 
AdS space-time even in de Sitter background. In Sec. |], we discuss various extremal 
cases of RN(A)dS black holes. Since the nature of RNdS black hole varies with its 
size, we refine our interests to the cold black hole. In Sec. ^, we show that for a given 
value of the charge Q, the Bekenstein-Hawking entropy is an increasing function of 
the 4-dimensional cosmological constant A4. We compute the entropy function of the 
RN(A)dS black hole based on the near-horizon geometry discussed in Sec. ^ The 
extremal value of the entropy function shows a perfect agreement with Bekenstein- 
Hawking entropy. Sec. |^ discusses various points of our results including a constant 
contribution of Gauss-Bonnet term to the black hole entropy in 4-dimensions. 



2. The Event Horizon of a Static Black Hole 

A static black hole is specified by a single function /(r) in the metric, that has at 
least one zero. In the conventional static black hole of the form, 

ds^ = -f{r)de + -^dr^ + (2-1) 

the function /(r) encodes all the properties of a static black hole like the event 
horizon. Hawking temperature, or the entropy. At each zero tq of the function /(r), 
the hypersurface r = ro becomes null and the coordinate time t will be infinitely 
red-shifted, which characterize the event horizon of the static black hole. 
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2.1 The Temperature of a Static Black Hole 

Hawking temperature is always positive both in the region interior to and exterior to 
the event horizon as long as the coordinate r is spatial. To see this, we just use the 
Euclidean argument of determining Hawking temperature. The main point of the 
argument is that the event horizon is just a coordinate singularity. There is nothing 
special about the event horizon for the freely falling observer. 

In the Euclidean version, the approximate near horizon geometry looks like just 
a plane times a sphere. Assuming a zero of /(r) at r = rg, one can define the near 
horizon coordinate as 

r - ro = ±ep. (2.2) 

The upper sign is for the region exterior to the horizon and the lower one for the 
region interior to the horizon so that the near horizon coordinate p is alwasy positive. 
Expanding the function /(r) in the dimensionless parameter e as 

f{r) = ±f{ro)ep + 0{e'), (2.3) 

we get the metric near the horizon; 



(2.4) 



The prime in the function /(r) stands for the derivative with respect to the coordinate 
r. Since we are interested in the region where /(r) is positive so that the signature 
of the temporal coordinate t and the spatial coordinate r be not switched, /'(ro) is 
positive in the exterior region and negative in the interior region. In other words, we 
are interested in the region where ±/'(ro) is positive. 

The slope of the function /(r) concerns Hawking temperature. By taking Wick 
rotation as A = it, we get the metric describing a plane times a sphere; 

dslc^jjj^^(^\f'iro)\'^dX' + dp'^ +rldnl_,. (2.5) 

For generic period of Euclidean time A, the metric has a conical singularity at the 
horizon p = 0. Since the horizon is not special to the free falling observer, this sort 
of the singularity should be absent, which requires the period be A A = 47r/|/'(ro)| 



1^ . The Hawking temperature T is defined as the inverse of the period of Euclidean 



time; 



r = l = M (2.6) 

A 47r ^ ' 



2.2 Near Horizon Geometry of the Extremal Black Holes 

The extremal black holes are the ones with coincident outer and inner horizon. Math- 
ematically this happens when the function /(r) has a double zero, that is, not only 
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/('"o) = but also /'(^o) = 0. The near horizon geometry of the extremal black holes 
are always factorized as a two-dimensional anti-de Sitter space-time and a sphere. 
This is valid even in de Sitter background. The expansion of the function /(r) goes 
up to the next order in e; 

f{r) = ^{epf + 0{e'). (2.7) 

In the near horizon coordinates ±ep = r — Tq and t/e = t, the metric can be approx- 
imated as 

ds' - -IfWP + + rldnU, (2.8) 

which describes the factorization, AdS2xS'^^^. Note that /"('"o) is positive because 
we are interested in the region where /(r) > 0. In general, the size of the anti-de 
Sitter space-time, 

^L. = ji^^ (2.9) 
need not be equal to the size tq of the sphere^. 

3. The Reissner-Nordstr6m-(anti-)de Sitter Black Holes 

In this paper, we concern the extremal black holes in the presence of the cosmological 
constant. Let us look into the basic properties of 4-dimensional RN(A)dS black 
holes. Since the properties are very sensitive to the size of the black hole, we refine 
our interests to the cold black hole by specifying the range of the size. The details, 
about the classification of the black holes for non-extremal cases, can be found in 



Refs. 16, 17, 18 



3.1 Various Horizons 

The geometry of charged black holes in dimensional (anti-)de Sitter background is 
as follows: 

ds' = -f{r)de + -^dr^ + r2rffi2_ 

fin 

r<^-^ ^ 8(d - 3)r2{'^-3) P ' ''-^ {d - 2)Yo\{S''-^y^ ' 

where Gd is d-dimensional Newton's constant and / is the length scale characterizing 
the cosmological constant, that is, 

7] 2 



/2 {d - 1) (rf - 2) 



Ad, {d > 3) (3.2) 



^The feature of AdS2 near horizon geometry of the extremal black holes persists even in (1 + 1)- 
dimensions. There, the entropy concerns the value of the dilaton field at the horizon. See Ref. ||T^ 
for details. 
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with 7] = +1/ —1 for dS/AdS respectively. The charge parameter Q (that has the 
dimension of inverse length) is related to the electric charge q and the magnetic 
charge p as 

p(2) - 1 dt A dr = ^ dQ^ o 

- ^,-2Vol(5^-2) ^ ^rn Vol(5^-2) 

AT^GdQ^ = +p\ (3.3) 

In general, /(r) can have up to 2{d — 2) zeros, corresponding to the horizons, 
of which we are usually interested in the largest three values a < h < c. In 4- 
dimensions, the positions, r = a, b, and c correspond to the inner, the outer, and the 
cosmological horizon respectively. The other zero of /(r) in 4-dimensions is negative, 
thus unphysical. 

In this paper, we focus on the 4-dimensional case only. This is the simplest 
nontrivial case for the black hole entropy. Higher dimensional cases, though look 
straightforward, involve a bit messy expressions for the event horizon and the results 
are expected to be different from 4-dimensional case. Those cases will be discussed 
elsewhere. 

3.2 The Extremal Cases 

Let us first consider the case when /(r) has a double zero at r = 6 and a simple zero 
at r = c. Then it can be rewritten as 

/(O = -jh - - c) (r + (26 + c)) . (3.4) 

For this specific factorization, the zeros are related with the parameters M, Q and / 
as 

-b' + GlQ' = 0, (3.5) 



'^b^ -b + G^M = 0, (3.6) 



^(362 + 26c + c2) -1 = 0. (3.7) 



The size of the event horizon can be read from (|3.5|) 




(3.8) 



The possible range of the double root b depends on the value of r/ = ±1. In 
anti-de Sitter case, that is when 77 = —1, there is no restriction on b. From Eqs. 
( |3.5| ) and ( p.6| ), we see that a positive double zero point b can be always found for 
any given positive value of G4M and of G^Q^. (See the left figures in Fig. ^ and 
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Figure 1: Masses as functions of the double zero b. The left /right figure is for the anti-de 
Sitter/de Sitter case. 



Fig. 0.) It is determined by ( |3.8| ) with the lower choice of the sign. The upper sign 
results in an imaginary value of b. 

Meanwhile, in de Sitter case (the right figures in Fig. |I| and Fig. that is 
when T] = 1, the double zero b should be less than 1/^/2 to ensure a non- negative 
value of G^M. The maximum value of G^M is 2//3\/6 at b = //a/6. Moreover, in 
Eq. ( p.5|) , we note that a non- negative value of G\Q^ is possible only when b is less 
than l/\/3. The point b = 1/^/3 corresponds to the Nariai black hole, that is, the 
extremal Schwarzchild-de Sitter black hole. G\Q^ has the maximum value /^/12 at 
b = l/\/6. In all, the double zero should be confined as 

< 6 < (3.9) 

to make the values of G^M and G\Q^ positive. 

Another zero c exists only for de Sitter case. From Eq. ( |3.7| ) we get 



c = -6 ± V-262 + 7^/2 (310) 

that becomes imaginary for anti-de Sitter case [r] = —1), implying the absence of the 
cosmological horizon. In de Sitter case, the horizon position c takes positive value 
for the range of ( p.9|) if we take the upper sign in the above result ( p.lOj ). The lower 
sign corresponds to the other horizon, —2b — c, of the function /(r) in ( p.4|) . 

In de Sitter case, the multi-sign in Eq. (|3.^ ) corresponds to the relative magni- 
tude of b and c. In fact, making use of Eq. ( p.lO| ), one can see that (6 — c) is positive 
when 1/V6 < b < l/^/S, that is when the upper sign is taken in ( |3.8| ). Especially 
when G\Q^ = /^/12, the double zero b and the simple zero c coincide composing a 
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Figure 2: Charges as functions of the double zero b^. The left /right figure is for the 
anti-de Sitter/de Sitter case. 

triple zero. This case is expecially called as an ultra-cold black hole because of its 
vanishing Hawking temperatures for both horizons at b and c. However in this paper, 
we are not interested in the case of 6 > c because then the function /(r) is negative 
in the region near the double zero b. Therefore, we refine our interests to the case 
of the cold black hole (with the Hawking temperatures Tj, — and Tc ^ 0) that is 
when < ^2 < 

3.3 The Cold Black Hole 

In anti-de Sitter case, there exists only one positive double zero b of the function 
/(r), which corresponds to the event horizon of the extremal anti-de Sitter- Reissner- 
Nordstrom black hole. The simple zero c corresponding to the cosmological horizon 
is imaginary valued, thus no cosmological constant exists. In de Sitter case. Hawking 
temperature of the black holes for the case of c > 6 is not unique. Being of the form 
— |/'(ro)|/47r, it is zero as for the horizon at r — b, while non-vanishing for the 
horizon (cosmological) at r = c; 

(c + b)(c-b? 

n = r. = L_ii_i. (3.11) 

This case is termed as a 'cold black hole'. In the special case oi b = c, that is, an 
ultra-cold black hole, both temperatures Tf, and Tc vanish. 



4. The Entropy Function of the RN(A)dS Black Holes 
4.1 The Bekenstein-Hawking Entropy 

In this section, we derive the explicit form of the Bekenstein-Hawking entropy for 
the RN(A)dS black holes. The Bekenstein-Hawking entropy is given by the area of 
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the horizon; 



TT 



Some properties about the result are in order. First, we note that the entropy is 
positive irrespective of the value of 77. The entropy is an increasing function with A4; 
increases from the value zero at A4 — > —00 to the value 2'7iG/iQ^ at A4 = 1 / (AGlQ^) . 
It is also continuous at A4 = approaching the value, Sbh txGaQ^ , that is the 
entropy of a Reissner-Nordstrom black hole in the flat background. 

Second, the absence of the parameter M in the above expression is due to the 
extremal nature of the black holes. Although there is no supersymmetry, the ex- 
tremality gives some relation between the mass M and the charge Q like that of BPS 
relation. 

Indeed one can obtain the relation among the parameters Q, M, and / by insert- 
ing Eq. ( pl8|) into Eq. (|3.6| ). The result is 



- _ 3Mv/9M2 - SQ^ = ^GjQ^ j ■ (4-2) 

In the limit of / 00, the right hand side limits to 2Q^, which implies the BPS 
relation, = M^, of the extremal Reissner-Nordstrom black holes in the flat back- 
ground (A4 = 0). Thanks to the relation ( [4.2|) , the entropy of the extremal black 
hole can be written in terms of the charge Q only. 

4.2 The Near Horizon Geometry 

The near horizon geometry around the double zero b is factorized as AdS2 x S^ where 
the size /ad^j of the anti-de Sitter space-time and the radius ^2 of the sphere are 
respectively given by 

- j/,^^^) - ^ (c _ 6) (c + 36) ~ P- 6r]b^ ' - ^ ■ ( -3) 

In anti-de Sitter case, that is when r] = —1, the value of /^^^^ increases with 6^, 
approaching the maximal value P/6 as b^ — > 00. In other words, however large the 
size of S^ is, that of AdS2 is restricted to be finite. 

In de Sitter case, that is when 77 = 1, we only consider the region < 6^ < P/Q, 
where c> b and /(r) is positive. As the size (squared), 6^, of the sphere approaches 
the value P/Q, that of AdS2 becomes divergent. This is the opposite situation to the 
anti-de Sitter case. Indeed one can invert the relation ( [4.3p into the form; 

PP 
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Therefore as the size (squared), iP' of the AdS2 approaches the value /^/6, the size of 
the sphere becomes divergent. 



4.3 The Entropy Function 



The entropy function is the expression for the Wald's entropy formula ||19| , P0| , PH p2 
applied to the near horizon geometry of some specific type of black holes. In its 
derivation, all the fields compatible with the isometry of the black holes simplify the 
expression significantly and lead to the result in the form of some Legendre transform 
derivable from Lagrangian density. See |^ for details. 

Let us start with the action describing the gravitational field coupled to the elec- 
tric and the magnetic fields in rf-dimensional (anti-)de Sitter background. Since we 
are now interested in the black holes (rather than higher dimensional black objects), 
it will be 



(4.5) 



where 2/t = IGyrG^. 

Despite the presence of the cosmological constant, one may define the extremal 
black holes in (anti-)de Sitter space-time as the ones whose near-horizon geometries 
are factorized as 

ds^ = vids"^^^^^ + V2dsld-2 

Fi^) = edtA dr, F^f'^) = dn,.^. (4.6) 

This is based on the observation, made in Sec. |^, about the properties of an extremal 
black hole. In the above simple form, we redefined the temporal coordinate t making 
use of the dimensionful parameters like Gd so that it carry the dimension of the 
inverse length. From hereon, the Greek indices {/x, u, p,a, ■ ■ ■} are pertaining to 
AdS2, while the Roman indices {a,b,c,d, ■ ■ ■} are used for the sphere S*^"^. The 
capital Roman indices are reserved for the whole space. For example, 

{x^} = {x^'■^ x""}. (4.7) 
Regarding the ansatz of the geometry in ([4.6|) , we have 

Ruupa = {gupQua ~ 9uagup) , Rabcd = {dacgbd — 9adgbc) ■ (4.8) 

Therefore 

1 1 

R^lu = gpu, Rab = — (d - 3) gab (4.9) 

Vl V2 



and 



]D_„MNjD _ ^fiujD I „a6D _ 2 (rf 3) {d 2) {A ir\\ 

— g ^MN — g ^fiv + g ^ab — \ • i4.iuj 

Vl V2 
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The entropy function is defined as the Legendre transform of some function L 
with the replacement of the 'velocity' e with its 'canonical conjugate momentum' q 
as 

F = 27r(ge-L). (4.11) 

The function L is the Lagrangian density over two-dimensional anti-de Sitter space- 
time; 

''dnd-2V^C (4.12) 
Vo\{S''-')v,v^ (-- + -- 2a} ' ^ ^""^ 



It was obtained by inserting the above ansatz (|4.6| ) about the near-horizon configu- 
ration into the action (|4.5| ). 

The extremum value of the entropy function gives the black hole entropy. Again 
we return to = 4 case for simplicity. The relation between e and p is obtained by 
extremizing the entropy function F with respect to e; 

The 'Hamiltonian' F is then written in terms of q, p, Vi, V2, A^; 

^ = 7^ (p' + g') + — (-^^1 +V2 + viV2Ad) . (4.14) 

4f2 K 

The entropy function is extremized at 

(4.15) 

Out of two choices for the sign in V2 of Eq. ( |4.15|) , we exclude the upper one because 
it gives negative value on vi, the size of the anti-de Sitter space-time. Therefore the 
extremal value of the entropy function is 

7r/2 / / 3r]G4 



(p2 + g2)^_32vr2^;2A4' " 87rA4 



l-Wl-^(p2 + g2) ^ (4.16) 



6r]G4 \' V ' nP 

which coincides with Bekenstein-Hawking entropy of the extremal RNAdS black hole 
(for 1] = —1) OT the cold black hole (for rj = 1); 

Ss« = % (4.17) 

if we set 

G,Q' = ^{P' + <f) ■ (4.18) 



This latter equation is nothing but the last equation of Eq. ( p.3| ). Actually, the size 
V2 of the sphere (in ( [4.15|) ) extremizing the entropy function coincides with the size 
52 of RN(A)dS black hole obtained in (^). 
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5. Discussions 



5.1 Universality of the Near Horizon AdS2 geometry in the Extremal 
Black Holes 

The near horizon geometry of the extremal Reissner-Nordstrom-(anti-)de Sitter black 
holes contains the anti-de Sitter space-time irrespective of the sign of the background 
cosmo logical constant. Mathematically this specific factorization of the geometry is 
easy to understand. Be the background cosmological constant positive or negative, 
the anti-de Sitter part and the sphere part adjust each of their scalar curvatures to 
compose that of (anti-)de Sitter background. This means that the sizes of the anti-de 
Sitter part and of the sphere part need not match each other. The curvature scalar 
is the sum of that of AdS part and that of the sphere part; 

R = Rads2 + Rs2 = -J2 ^ 72~ ^ ~72^- ^^-^^ 

''ads2 ^S2 ^ 

In de Sitter background {rj = 1), the size of the AdS part is larger than that of the 
sphere part, that is, t^^^^ > t]^ so that it contributes less to the scalar curvature than 
the sphere part does. In anti-de Sitter background {j] = —1), we get the opposite 
situation; l^^^^ < l^^. Only when —> oo, that is when the background gets fiat, the 
sizes of those two factors become coincident. 



5.2 Non-supersymmetric Attractor Behavior 

Zero Hawking temperature is the property characterizing the extremal black holes 



[Sec. p. If . Especially it is concerned with the infinite long throat region near the 
horizon, thus the factorization of the geometry in that region. 

The entropy function of the extremal RNdS black hole provides us with an 
example exhibiting the non-supersymmetric extremal attractor behavior. Regarding 
the extremal case, one just needs to focus on the near horizon geometry and the values 
of the various fields at the horizon. In other words, one may ignore the asymptotic 
behaviors of the various fields. The attractor behavior is therefore rather concerned 
with the infinite long throat structure through the factorization of the geometry near 
the horizon than with the supersymmetry. 

The virtue of the entropy function is that once we are given the action we can 
compute the extremal black hole entropy even without any knowledge about the full 
solution. The fact relevant to the determination of the entropy is again that the 
near horizon geometries of the extremal black holes always involve two-dimenisonal 
anti-de Sitter space-time. The assumption of the anti-de Sitter space-time as the 
near horizon geometry is quite universal that it is valid even for the case of higher 
order gravity. 
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5.3 Higher Order Corrections to the Entropy of RN(A)dS Black Holes 

Being inspired by supergravity/superstring theory, one could consider the higher or- 
der corrections to the entropy of Reissner-Nordstrom-(Anti-)de Sitter black holes. Let 
us consider Gauss-Bonnet term, that is, the ghost-free gravitational self-interaction 
term considered in superstring theory] 

AS = ^ 
2k 



I d'x^ {R'^'''''^Rmnpq - ^R^'^'RuN + R') . (5.2) 



Here the coefficient of Gauss-Bonnet term a has the dimension of the length squared. 

Inserting the results (^]8|, |4.1CI| ) into Eq. ( ^.2|) , we get the following La- 
grangian density over AdS2; 

AL = ^Vo\{S''~^)viv:^ ( -2 (d - 4) (rf - 5) - -— ) (rf - 2) (rf - 3) . (5.3) 



2k ^ ' ^ ^ ' ^ ' '^l'^2 



Especially for = 4, only the second term contributes to the Lagrangian density and 
is constant; AL = — 2a/G'4. Accordingly the entropy function receives a constant 
correction; AF = ^-najG/^. The total entropy will be 



tot 




The higher order correction to 4-dimensional black holes results in a constant 
addition to its entropy. In Eq. (|5.3|), we see that Gauss-Bonnet term gives the 



non-trivial contribution in higher dimensions. 

The above result is very interesting but difficult to understand. It is interesting 
because Gauss-Bonnet term, though topological in 4 dimensions, contributes to the 
entropy, i.e., the degeneracy of the degrees of freedom. Of course there might be 
some way for the total derivative term to contribute to the entropy via the boundary 
condition, but then it must involve the ADM mass or the charge. Here, the difficulty 
resides on its constant nature. 

On the other hand, the same reason gives a clue to view the contribution. Just 
from the mathematical viewpoint, this constant addition to the entropy looks obvious 
because Gauss-Bonnet term should be intact, in 4 dimensions, under the change of 
the geometric sizes f 1,2 of AdS and the sphere. Recall that the black hole is believed 
to be completely characterized by its mass, charge, and angular momentum. Since 
the contribution is independent of any quantity of these characterizing the black 
hole, it is reasonable to conclude that the constant does not concern any microscopic 
degree that constitutes the black hole entropy. We rather employ the viewpoint of 



Ref. ||2^ where similar problem happens and is resolved by regarding the entropy as 



a relative quantity. One can only use the result ( p.4[ ) to determine the entropy of a 
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black hole relative to another in the same class (another cold black hole in the case 
at hand). 

Another thing to comment is about the signature of the coefficient a of Gauss- 
Bonnet term. In case it is negative, Gauss-Bonnet term could result in the negative 
entropy for sufficiently small black hole. In Ref. I^S], it was discussed that the 
negative entropy may indicate a new type of instability. Indeed the entropy can 
be negative for either 5-dimensional Schwarzschild-de Sitter or Schwarzschild-anti-de 
Sitter black hole (but not both) in Einstein-Gauss-Bonnet gravity. They argue that 
the appearance of the negative entropy in one type of the black hole may trigger the 
transition to the other type of the black hole. However, in our case of 4-dimensional 
RN(A)dS black hole, for sufficiently negative value of a the entropy can be negative 
in both anti-de Sitter case and de Sitter case. 

The resolution resides again on the constant nature of the contribution made by 
Gauss-Bonnet term. Though the negative value of a results in the subtraction of the 
entropy by a constant amount, we have to view the entropy only in the relative sense 
because the constant subtraction (or addition) is not involved with any characteristic 
of the black hole. In higher dimensions, the contribution of Gauss-Bonnet term to 
the entropy is not constant and there, the signature of a could be very crucial to the 
viability of the solutions. One can expect some hope from the string theory where 



the value is positive |23 
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